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Abstract. This paper studies optimal money growth in a cash-in-advance produc-
tion economy with heterogeneity in patience levels and know-how. We show that
the rate of deflation suggested by the Friedman rule is limited by the subjective
discount rate of the most patient agent in the economy. The output distortion due
to cash-in-advance constraints on firms can completely be eliminated by means of
the Friedman rule if and only if firms are run by the most patient agents.
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1 Introduction
The central bankers of the world are quite reluctant to follow a deflationary policy.
The Federal Reserve System of US, the Monetary Policy Commitee of UK, and
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ERC/METU Second International Conference on Economics, Ankara, September 1998, and at seminars
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the European Central Bank all target a non-negative but small inflation rate. Af-
ter the Great Depression and the more recent Japanese experience with deflation,
widespread belief among policy-makers is that deflations typically come together
with a collapse of economic activity. The theoretical reasons, however, are not yet
well understood.
Leaving aside the literature on seignorage maximization, monetary theory sug-
gests that a small steady state deflation consistent with zero nominal interest rate in
equilibrium should turn out to be socially optimal. This rule has first been suggested
by Friedman (1969) and has been justified in various homogeneous agent models
later on.
In this paper we show that heterogeneity in preferences matters with regard to
what monetary policy can achieve. The underlying reason is that under heteroge-
neous rates of time preference, the extent of a feasible deflation is restricted by
the subjective discount rate of the most patient agent in the economy. Higher rates
of deflation results in either money hoarding by consumers or financial losses by
firms and hence breaks down the existence of a stationary monetary equilibrium.
This obstacle alone restricts the policymaker’s ability to reduce the monetary output
distortion by means of a deflationary policy.
The argument that the optimal rate of money growth is a deflationary one (Fried-
man 1969) has been verified in various forms of cash-in-advance models with rep-
resentative agents. The Friedman argument is that money has the role of reducing a
trading friction in the economy. Since an inflationary monetary policy leads agents
to economize on real money balances, it results in a sub-optimal equilibrium. In
Cooley and Hansen (1989), for example, money carried over from one period to the
next consists of nominal wage earnings, which are subject to the inflation tax, so
that the aggregate labor supply decision is adversely affected by inflation. Woodford
(1994), on the other hand, studies the issue in the Lucas and Stokey (1987) setup
where both cash and credit goods are consumed by the representative agent. In this
case inflation leads to a reduction in the quantity of cash goods consumed. In either
case, a deflation in line with the representative agent’s rate of time preference is
sufficient to eliminate the distortion caused by the presence of finance constraints.1
Yet another interesting class of cash-in-advance models are those which in-
volve limited participation in factor markets by firms. It is a natural assumption
for many industries that production expenses are incurred before sales revenues
are collectible. Implications of such constraints in production and/or investment
expenses on equilibrium were studied by Stockman (1981), Grossman and Weiss
(1983) and Rotemberg (1984). Their applications to the business cycles literature
have also been considerably successful (Fuerst 1992; Christiano et al. 1997, 1998).
In this class of models money, which is demanded by firms as working capital,
is subject to inflation tax. In stationary equilibria of limited participation models,
holders of money are compensated at the expense of a reduction in real wages, in
comparison to what would prevail in an Arrow-Debreu economy. This real wage
1 Bewley (1980) is the first rigorous treatment of the issue of optimal money growth. Woodford
(1990) provides a survey of this and later work on the same problem.
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distortion can be completely eliminated by a deflationary monetary policy if all the
agents have the same rate of time preference (Başçı and Saglam 1999).2
In the present paper, we allow for heterogeneity in both technologies and time
preferences of the agents, in the context of a limited participation model. The
main trading friction is a moral hazard problem, which necessitates all exchange
to be quid pro quo. This rules out borrowing of any kind as well as any “sales-in
advance" of to-be-produced goods. Presence of money reduces this trading friction
in the context of a limited participation economy. Firms have to pay for the factors
of production first, and only after they produce their goods can they collect their
sales revenues. In equilibrium, it turns out that all the money in the economy is
held by the firm types who own technologies superior than those of worker types.
In this mode of hundred per cent self financing, the working capital of a firm type
is subject to inflation tax. Higher inflation rates lower firms’ real money demands
(by cutting their net supply of goods), and hence bid up the equilibrium price level,
so that the real wage is driven below the marginal product of labor. This real wage
distortion affects the labor supply in each period and hence reduces equilibrium
output below its Arrow-Debreu level. In the representative agent framework of
Fuerst (1992), for example, a deflation, that equates the real rate of return on money
to the subjective rate of time preference of the representative agent, is sufficient
to eliminate the monetary distortion completely. The same result obtains under
heterogeneous technologies but homogeneous rates of time preference as shown in
Başçı and Saglam (1999).
If, however, the rates of time preference are different, then there are two potential
distortions in the monetary economy. One is the aforementioned real wage-real
output distortion. The other is a distortion on consumption paths due to the liquidity
constraints that exclude the possibility of borrowing by the relatively impatient
agent types. In anArrow-Debreu economy, the equilibrium allocation would consist
of one where the consumption of the patient and impatient types are increasing and
decreasing over time, respectively. In our limited participation economy, however,
due to borrowing constraints consumption levels are constant over time for both
agent types in a stationary equilibrium. While this second type of consumption
distortion cannot be eliminated by deflationary policies alone, the real wage and
output distortion can be reduced via a contraction in money supply.
The paper is organized as follows. Section 2 introduces the model. Section 3
characterizes the set of stationary monetary competitive equilibria. Section 4 an-
alyzes equilibrium in cases where it is unique. Section 5 derives the second best
optimal monetary policy. The robustness of the results under differences in the tim-
ing of the lump-sum monetary transfers and taxes is discussed in Sect. 6. The paper
concludes with the remarks in Sect. 7.
2 The empirical studies in the literature do not agree on the relationship between money and output
growth. Kormendi and Meguire (1985) finds in a cross-country analysis that the average rate of growth of
the money supply and the standard deviation of money supply shocks are both negatively correlated with
real output growth. However, another cross country study by Levine and Revelt (1992) finds no robust
correlation between monetary indicators and real GDP growth.A positive correlation is recently reported
in Barth and Ramey (2002), which shows that following a monetary contraction, many industries in US
exhibit periods of falling output and rising price-wage ratios.
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2 The model
2.1 Environment
The economy involves two types of agents indexed by i = 1, 2. Both types are
infinitely-lived, and there exist Ni identical agents of type i, where Ni > 0 for all
i. Time is indexed by t ∈ {0, 1, ...}.
There are two commodities at each time: a factor of production, labor, and
a nonstorable consumption good, apple. Neither type 1 nor type 2 agents value





βi ∈ (0, 1) is the discount factor, ci,t is period-t consumption and Ui(.) is the
instantaneous utility function of each type i agent. We assume that U
′
i (.) > 0 and
U
′′
i (.) < 0.
Each type i agent has a labor endowment L̄i where L̄1 > 0 and L̄2 ≥ 0, and a
technology fi(L) to convert labor into apples. We assume that type 2 agents have
a superior technology. Production functions represent decreasing returns to scale
(DRTS) technologies, and satisfy fi(.) > 0, f ′i(.) > 0 and f
′′
i (.) < 0 for all i. We
also assume:
A.1. limL ↓ 0 f ′i(L) = ∞ for all i = 1, 2.
A.2. f ′2(L) > f
′
1(L) for all L > 0.
A.3. f ′2(L̄2) > f
′
1(L̄1).
We denote and describe a society by S = {Ni, L̄i, Ui, βi, fi | i = 1, 2}.
2.2 Money and the government
In each period, there exists a positive quantity of money supply in the economy.
Let Mt denote the aggregate money stock at the beginning of period t. We assume
that the economy starts with M0 = M̄ > 0. Each type i agent is born with Mi,0
units of currency where
N1M1,0 + N2M2,0 = M̄.
Total money stock evolves, for all t ≥ 0, according to
Mt+1 = (1 + α)Mt, with α > −1,
which is fully anticipated by all type of agents in the economy. The government
sustains the targeted money growth by appropriately distributing lump-sum mon-
etary transfers to (or imposing money taxes on) the agents in the economy. Here,
we define τi as the ratio of the total money transfer type i agents receive to the
total money stock present in the economy at the beginning of each period. For each
α > −1, we define the associated set Tα, containing all distribution of transfer
rates that yield the targeted money growth, as follows:
Tα = {(τ1, τ2)| τ1 + τ2 = α, and τ1, τ2 ∈ IR}.
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2.3 Trade institution
A trade institution for a given society is the description of choice variables for each
type of agents, price variables, constraints on the given choice variables determined
by given prices, and a feasibility requirement for the collective choices of agents.
Choice variables of type i agents in period t ≥ 0:
ci,t : consumption,
Li,t : labor demand ((+) demand, (-) supply),
qi,t : apple demand ((+) demand, (-) supply),
Mi,t+1 : money carried over to period t + 1.
Prices in period t ≥ 0:
wt : nominal wage rate,
pt : nominal apple price.
2.3.1 Transactions There exist three markets: the money, labor and good (apple)
markets. The price of the money is taken as numeraire at all times; so all other
prices are stated in terms of money. We also assume that the labor market opens
before the good market.3





















































Fig. 1. Cash flow of type i agents in period t + 1
• Each agent of type i starts period t with the money balance Mi,t.
• Just before the labor market opens, (i − 1)(τi/Ni)Mt units of currency are
transferred, by the government, to each type i agent. (Here, type 1 agents do not
receive transfers.)
3 Başçı and Saglam (2003) shows that if the good market opens before the factor market, the com-
petitive outcomes are the same as those obtained in the absence of such cash constraints. Liquidity
constraints have some real effects only if the factor market opens before the good market.
96 E. Başçı, I. Saglam
• Labor market opens. Each agent of type i enters the labor market with Mi,t +
(i−1)(τi/Ni)Mt units of currency at time t. In the labor market, trade occurs at
the nominal wage rate wt. All wage bills are paid before the good market opens.
• Apple production takes place with the purchased and unsold labor.
• After the harvest of apples (2 − i)(τi/Ni)Mt units of currency are transferred,
by the government, to each agent of type i. (Here, only type 1 agents receive
transfers.)4
• Good market opens. Each agent of type i enters the market with
Mi,t + (i − 1)
τi
Ni
Mt − wtLi,t + (2 − i)
τi
Ni




units of currency. In the good market, apple is bought and sold at the nominal
price pt. These transactions determine the next period’s money balance of each
agent as
Mi,t+1 = Mi,t +
τi
Ni
Mt − wtLi,t − ptqt.
2.3.2 Agents’ problems Given the endowment structure described above, a net
supply rule α > −1, a pair of transfer rates (τ1, τ2) ∈ Tα and a sequence of strictly





βtiUi(ci,t) subject to, for all t
ci,t = fi(L̄i + Li,t) + qi,t (1)
−L̄i ≤ Li,t ≤
Mi,t + (i − 1)(τi/Ni)Mt
wt
(2)
−fi(L̄i + Li,t) ≤ qi,t ≤
Mi,t + (τi/Ni)Mt − wtLi,t
pt
(3)
Mi,t+1 = Mi,t + (τi/Ni)Mt − wtLi,t − ptqi,t (4)
Mi,t+1 + (i − 1)(τi/Ni)Mt+1 ≥ 0 (5)
Mi,t+1 − wt+1Li,t+1 + (τi/Ni)Mt+1 ≥ 0 (6)
Mi,0 ≥ 0 is given. (7)
Equation (1) states that per-period consumption is the sum of the home pro-
duction and the apple purchases (sales, if negative). The upper bound in (2) comes
from the cash-in-advance requirement and the fact that the labor market opens first.
The lower bound (if multiplied by −1) is the maximum amount of labor that can be
supplied. The constraint (3) on apple purchases can be similarly read. Constraint
(4) describes the cash flow across successive periods, whereas (5) and (6) indicate
that agents of both types must hold sufficient amount of money to pay any taxes
charged by the government.
4 In Sect. 6, we discuss the welfare effects of alternative timings for the distribution of monetary
transfers.
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We call the above trade institution financially constrained by the fact that a
producer is restricted in its labor purchases with the amount of money he holds.
This financial restriction limits the participation of firms in both factor and output
markets, despite the presence of positive marginal profitability. By a financially
constrained production economy we mean a society S operating under a financially
constrained trade institution, and denote it by FCE .
2.4 Monetary equilibrium
The set of sequences {pt, wt, ci,t, Li,t, qi,t, Mi,t+1 | i = 1, 2}∞t=0 is a stationary
monetary competitive equilibrium (SMCE) of the financially constrained produc-
tion economy FCE , if wt, pt > 0 for all t, and
(i) for each i, {ci,t, Li,t, qi,t, Mi,t+1}∞t=0 solves (Pi) under the sequence
{wt, pt}∞t=0,
(ii) ci,t+1/ci,t = Li,t+1/Li,t = qi,t+1/qi,t = 1 for all i and t,
(iii) wt+1/wt = pt+1/pt = Mi,t+1/Mi,t = 1 + α for all i and t,
(iv) N1L1,t + N2L2,t = 0 for all t,
(v) N1q1,t + N2q2,t = 0 for all t,
(vi) N1M1,t+1 + N2M2,t+1 = Mt+1 for all t.
In equilibrium, we expect type 1 agents to sell and type 2 agents to buy labor,
because of the assumed marginal productivity gap. However, due to DRTS tech-
nologies, each type 1 agent will always be left with some residual labor to use in
his own production plant after supplying an optimal amount to the market at the
given wage rates. Thus, both types of agents will happen to produce in equilibrium.
Nevertheless, we will use the label “firm" for type 2 agents, who own superior
technologies, and the label “worker" for type 1 agents, who offer some part of their
labor to firms.
3 Characterization of equilibria
We can eliminate ci,t and qi,t from (Pi), using the equality constraints (1) and (4).
Then, we can concentrate on the clearing of the labor and money markets only, since
the good market will automatically clear as well, thanks to a version of Walras’ law.
The reduced form problem, (P ′i ) of each type i agent can be expressed as









Mi,t + (τi/Ni)Mt − Mi,t+1
pt
)
subject to, for all t
−L̄i ≤ Li,t ≤
Mi,t + (i − 1)(τi/Ni)Mt
wt
(8)
0 ≤ Mi,t+1 ≤ Mi,t + (τi/Ni)Mt − wtLi,t + ptfi(L̄i + Li,t) (9)
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Mi,t+1 + (i − 1)(τi/Ni)Mt+1 ≥ 0 (10)
Mi,t+1 − wt+1Li,t+1 + (τi/Ni)Mt+1 ≥ 0 (11)
Mi,0 ≥ 0 is given. (12)
Proposition 1. Assume β1 ≤ β2f ′2(L̄2)/f ′1(L̄1). Then, there exists SMCE of a
FCE only if









M1,0 = µM̄/N1, where (15)
µ ∈
{
{0} if 1 + α > β1,
[0, 1] if 1 + α = β1.
(16)
Proof. The Proof is in the Appendix.
We note that sufficiently high inflation rates (1+α above β2f ′2(L̄2)/f
′
1(L̄1)) or
even very low deflation rates (1 + α slightly below the maximum of β1 and β2 that
may be close to one) may lead to the breakdown of the monetary market economy.
If 1 + α > β2f ′2(L̄2)/f
′
1(L̄1), then real wage rates would be below the marginal
productivity of workers in firms’ plants. In that case, type 1 agents would prefer
not to supply labor. On the other extreme, if 1 + α < β2, real wage rates would
be above the marginal productivity in firms’ plants; thus type 2 agents would not
hire labor. Clearly, in none of the above cases can an equilibrium exist. Moreover, a
supply rule such as 1+α < β1 is not consistent with a stationary equilibrium, since
workers, upon anticipating such a deflationary policy, would start to hoard money
in every period t. This would, of course, leave firms out of the required working
capital after a finite time.
It is interesting that equilibrium exists only if workers are, in general, paid less
than their marginal products. This result, which is not observed in Arrow-Debreu
economies, arises in our model due to the market imperfection we impose, namely,
cash-in-advance constraints in production.
The parameter µ in Proposition 1 denotes the share of the initial money endow-
ments of type 1 agents in the total initial money stock of the economy. To see why
the distribution of the initial money stock matters for the existence of a stationary
equilibrium, note that under the equilibrium wages workers buy in the good mar-
kets, only. So, for workers, the net rate of return from carrying over an infinitesimal
unit of currency from period t to period t + 1, under a stationary consumption
plan is β1(1 + α)−1 − 1. It is obvious that a plan with constant positive money
holding in each period cannot be optimal for workers if 1 + α > β1, since they
can be better-off by reducing their money holdings, and thereby increasing their
consumptions, in each period.
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1(L̄1)) and (τ1, τ2) ∈ Tα. Let M1,0 = µM̄/N1, where µ satisfies
(16). Then,







(1 − µ + τ2) ≤ 1 − µ <
σ
1 + α
(1 − µ + τ2), (18)
where σ = w0N1L̄1/((1 − µ + τ2)M0);
(ii) SMCE, whenever exists, satisfies (19)–(27) for all t:
wt =





{1} if 1 + α > β2




β2f ′2(L̄2 + L2,t)
(21)


















Li,t, i = 1, 2 (24)









Proof. The Proof is in the Appendix.
There exists a unique equilibrium if 1 + α > β2, whereas a continuum of
equilibria if 1 + α = β2. To see this clearly, notice that the parameter σ denotes
the fraction of the net money holdings type 2 agents spend in the labor market. In
equilibrium, type 2 agents find it optimal to spend all their money holdings (σ = 1)
in the labor market in each period, if the money is deflated at a lower rate than they
discount the unit time period (−α < 1−β2). On the other hand, when the deflation
rate equals their time discount (−α = 1 − β2), any positive fraction of the money
holdings (σ ∈ (0, 1]) spent in the labor market yields the same utility to a type
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2 agent. Under this particular deflation rate, there exists a distinct equilibrium for
each σ.
4 Analysis of equilibria
We observe from (21) that there is a negative relationship between the equilibrium
real wage rate and the money growth rate. The intuitive argument underlying this
fact is as follows: Increasing the current consumption at time t by reducing the
savings for the next period by ∆M units yields to a firm a marginal utility of
U ′(ct)(∆M/pt), where ∆M/pt is the amount of the additional consumption. On
the other hand, with ∆M units of decrease in its initial money holdings of period
t + 1, the labor demand of the firm falls by ∆M/wt+1 units, which yields a drop
of f ′2(L̄2 + L2,t+1)∆M/wt+1 units in the output. The decrease in the utility of
the firm due to the fall in output at time t + 1 then becomes β2U ′2(c2,t+1)f
′
2(L̄2 +
L2,t+1)∆M/wt+1. In an equilibrium, where the consumption and the effective
labor are constant and nominal prices and wages grow at the money inflation rate,
the net marginal utility to the firm from transferring money between consecutive
periods becomes zero only if wt+1 ≡ (1 + α)wt = β2f ′2(L̄2 + L2,t+1)pt.
The negative relationship between the real wages and the money growth rate
provides a channel for inflation to affect the output and the income distribution.
The total output that we denote by Qt satisfies
Qt = N1f1(L̄1 − N2L2,t/N1) + N2f2(L̄2 + L2,t). (28)








= f ′1(L̄1 − N2L2,t/N1), (29)
we obtain the following result.
Proposition 3. In equilibrium, both the real wage rate and the total output are
decreasing in the money growth rate.
Proof. The Proof is in the Appendix.
The policy implication of the above proposition is that anticipated contrac-
tionary monetary policies may be used to yield an expansion of the economy,
which, naturally, raises the issue of the optimal money supply rule that will be
discussed in Sect. 5.
The next proposition shows that the lower is the rate firms discount the unit
time period or the higher is the size of the physical endowments, the higher is the
level of the output produced in the economy.
Proposition 4. In equilibrium, both the real wage rate and the total output are
increasing in β2, L̄1 and L̄2.
Proof. Omitted as it is similar to the proof of Proposition 3.
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Monetary policies have effects on the income distribution as well. The equilib-
rium consumption of each type i agent can be written as













for all t. We observe that given β1 ≤ β2, 1 + α = β2 and a feasible pair (τ1, τ2) ∈
Tβ2−1, the consumption of the worker type, c1,t, is increasing while the consumption
of the firm type, c2,t, is decreasing in µ, i.e., a type consumes more in equilibrium
if it holds a higher share of the total money supply in each period.
On the other hand, given the discount factors β1 < β2, a deflation rate 1+α =
β2 and a feasible pair of taxes (τ1, τ2) ∈ Tβ2−1 satisfying τ1 < 0, the smaller
σ in its admissible interval (0, 1], the lower the nominal wage rate and the apple
price, and thus the lower (the higher) the consumption of the worker (firm) type.
The intuition underlying this result is that with σ being lower, firms will sell less
in the good market if τ1 < 0, since workers will spend a smaller quantity of their
real money balances in the good market due to the real increase in the taxes they
must pay.
We also observe that for a given money supply rule, the per-period consumption
and hence the lifetime utility of each type is increasing (decreasing) in the transfer
that this particular type (the other type) receives.
5 Optimal monetary policy
A money supply rule is called optimal if it maximizes the total output among all
feasible supply rules supporting SMCE. In our model, the optimal money supply
rule is uniquely determined by 1+α = max{β1, β2}, which directly follows from
Proposition 3.
We will now look for the supply rules under which SMCE coincides with
the equilibrium of a sequence of spot markets (SSME). For the version of our
model, which involves no market friction within periods and hence allows for spot
commodity contracts, a SSME consists of a trading plan, and prices for each traded
good and factor, under which spot optimization problems of all agents are solved,
all markets are cleared, and each worker is paid the marginal product of the factor
he supplies.
Formally, the list of sequences {ŵt, p̂t, L̂i,t, q̂i,t, ĉi,t | i = 1, 2}∞t=0 is a SSME if
ŵt/p̂t = f ′2(L̄2 + L̂2,t) = f
′
1(L̄1 + L̂1,t) (31)




L̂i,t for all i (33)
ĉi = fi(L̄i + L̂i,t) + q̂i,t for all i (34)
Proposition 5. Assume β1 ≤ β2f ′2(L̄2)/f ′1(L̄1). Let {wt, pt, Li,t, qi,t, ci,t,
Mi,t+1 | i = 1, 2}∞t=0 be a SMCE associated with a feasible monetary policy
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(α, τ1, τ2) and a distribution (M1,0, M2,0). Then this SMCE is a SSME if and only
if, (i) β1 ≤ β2, (ii) 1 + α = β2, and (iii) τ2 = β2 + µ − 1, where µ = M1,0/M0.
Proof. The Proof is in the Appendix.
From Proposition 5 it follows that the monetary policy which brings the econ-
omy to a second best equilibrium, satisfies τ2 = α = β2 − 1 if β2 > β1.5 In other
words, when firms are more patient than workers, the optimal money supply rule
yields productively efficient outcomes if, and only if, all money taxes are charged
to firms.
6 Alternative timings in the distribution of monetary transfers
We will now discuss whether the other possible timings that the government may
follow to implement its targeted money supply rule affect the equilibrium outcome.
For all periods, let l and g respectively denote the instants the labor market
and the good market open in each period according to the sequencing of market
transactions defined in Sect. 2. Define the set Θ = {l, g}. Let the ordered pair
(θ1, θ2) ∈ Θ ×Θ denote a constant timing rule according to which type 1 and type
2 agents, respectively, receive their transfers just before the instants θ1 and θ2 in
each period.
In the model that we have analyzed above, an agent receives money transfer
just before the good market opens if he is of type 1, and just before the labor market
opens if he is of type 2; i.e. we have so far assumed (θ1, θ2) = (g, l) in all periods.
We will below consider the other cases.
For all θ2 ∈ Θ and for all feasible τ1 ≥ 0, the set of SMCE is the same under
both (l, θ2) and (g, θ2) since type 1 agents do not buy labor under the SMCE wages.
However, if τ1 < 0, the set of money supply rules supporting SMCE is extremely
thin under the timing rule (l, θ2) for all θ2 ∈ Θ, since charging money taxes to
type 1 agents at the instant l is not feasible unless 1 + α = β1, which is the unique
money growth rate allowing M1,t > 0 for all t. It is also apparent that the optimal
monetary policy remains the same as described in Proposition 5 and leads to the
same equilibrium outcome under both (l, θ2) and (g, θ2) for all θ2 ∈ Θ.
The timing of monetary transfers does not seem to matter also when type 2
agents pay money taxes (τ2 ≤ 0). In this case, the set of SMCE is the same under
both (θ1, l) and (θ1, g) for all θ1 ∈ Θ, since type 2 agents receive their sales revenues
after the good market closes. However, the conclusions drastically change if τ2 > 0.
To see this, notice first that the equilibrium real wage rate and the employment level
remain the same for all (θ1, θ2) ∈ Θ × Θ. However, the nominal wage rates, wt,
are lower under the timing (θ1, g) than under (θ1, l), since firms will have lower
cash holdings to spend in the labor market if they receive monetary transfers later
on. It follows that the prices, pt, are lower, too, under the timing (θ1, g). The fall
5 Clearly, this is different from a proper Arrow-Debreu equilibrium in which future commodity
contracts can also be traded. In case β2 = β1, the consumption of the relatively patient agent would be
increasing, while that of the impatient one would be decreasing over time, since borrowing and lending
are possible.
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in the prices exceeds (in percentage terms) the fall in the money held by workers
just before the good market opens, since workers, at this time instant, have their
initial cash holdings plus transfers (minus taxes), in addition to the money wages
they earned in the labor market. This further implies that under the rule (θ1, g)
workers (firms) can consume more (less) apples than under the rule (θ1, l). Clearly,
this observation defines a preference relation over the two timing rules from the
viewpoints of the two interest groups in the economy. If firms receive positive
monetary transfers, workers prefer the rule (θ1, g) whereas firms prefer (θ1, l) for
all θ1 ∈ Θ. By the described dependence of the income distribution on the level
and timing of monetary transfers that firms receive, one can argue that the optimal
monetary policy, which is clearly independent from the timings we consider, also
leads to the same outcome under the two timings if β2 > β1, for in that case the
optimal supply rule involves τ2 = β2 − 1, which is negative. However, if β2 = β1,
the outcome that the optimal monetary policy will lead to may and may not change
with the timing of monetary transfers since the sign of the optimal transfer rule
τ2 = β2 + µ − 1 becomes indeterminate due to the multiplicity of equilibria.
7 Concluding remarks
In this paper, we studied the consequences of alternative monetary policies in a
deterministic model with two types of agents. In the model, fiat money is used by
firms to finance their wage expenses, so that money is demanded by the “high-tech”
type who plays the role of a firm in our model. We observed that the presence of
cash-in-advance constraints in the labor market limits the demand for labor, so that
an equilibrium with the real wage rate below the marginal productivity of labor can
be sustained.
Economies with a finite number of infinitely lived agents in a complete mar-
kets setup are known to exhibit Pareto efficiency under quite weak assumptions. If,
however, there are cash constraints on transactions, so that fiat money is valued in
equilibrium, one does not expect to observe efficiency of equilibrium allocations.
Grandmont andYounes (1973) present an example of an inefficient monetary econ-
omy without production. Woodford (1990) provides examples from the literature
of cash-in-advance models that may and may not lead to Pareto efficient allocations
under careful monetary policy. For example, under the institutional setups studied
by Sargent (1987, Chapts. 5 and 6), where there are no credit goods, it turns out to
be possible to restore efficiency through a deflationary monetary policy.
In our context, for different rates of time preference across agents, even under
the optimal contractionary monetary policy of taxing only the firm types at a certain
rate, the set of equilibria turn out to be different from the set of Arrow-Debreu (AD)
equilibria. If a complete set of AD contracts were available, then, the equilibrium
consumption plan of the patient type would be monotone increasing, while that
of the impatient one would be decreasing. The presence of cash-in-advance and
borrowing constraints, however, supports a constant consumption plan for each
type as an equilibrium.
Specifically, inflation distorts the functional distribution of income by reduc-
ing the real wage rate. So inflation seems to hurt wage earners and help firms.
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However, the way that the monetary expansion is conducted has important welfare
consequences. Careful monetary transfer policies may partially remedy the adverse
income distribution effects, by compensating the wage earners. For example if all
the freshly created money is transferred to workers, then they will not be hurt much
by inflation. Yet, the real wage and the related output distortion will remain intact
even under zero inflation.
Appendix
Proof of Proposition 1. Type i agents face the reduced-form problem P ′i . Let
{wt, pt, Li,t, qi,t, ci,t, Mi,t+1 | i = 1, 2}∞t=0 be a SMCE. We claim that wt/pt
supports SMCE only if wt/pt ∈ (f ′1(L̄1), f ′2(L̄2)). First suppose wt/pt ≤ f ′1(L̄1)
for some t. Then L1,t ≥ 0 and L2,t > 0, violating the labor market clearing. Next
suppose wt/pt ≥ f ′2(L̄2). Then L1,t = −L̄1 and L2,t ≤ 0, again a contradiction.
If wt/pt > f ′1(L̄1), then there exists L1,t ∈ (−L̄1, 0) that solves f ′1(L̄1 + L1,t) =
wt/pt, by assumption A.1. It is also true that wt/pt ≤ f ′2(L̄2 + L2,t), for the
optimality of L2,t ≥ 0. Therefore SMCE exists only if
wt/pt = f ′1(L̄1 + L1,t) ≤ f ′2(L̄2 + L2,t)
for all t. Inserting L1,t < 0 into the problem (P ′1), we obtain the Euler condition,





which is satisfied by a stationary plan c1,t+1 = c1,t under the stationary prices
pt+1 = (1 + α)pt, if and only if 1 + α ≥ β1, as required by (13). Then, a plan
{M1,t}∞t=0 is consistent with SMCE only if M1,t = µMt/N1 for all t where
µ satisfies (16). To show that the rest of (13) as well as (14) are necessary, we
consider the following two cases.
Case 1. f ′1(L̄1 + L1,t) = f
′
2(L̄2 + L2,t) = wt/pt.
We can solve for L1,t ∈ (L̄1, 0) in the above equation using L2,t =
−N1L1,t/N2, and next calculate wt/pt. Since f ′2(L̄2 + L2,t) = wt/pt, cash-
in-advance constraint is not binding for type 2 agents. So, the Euler condition




U ′2(c2,t+1) for all t.
A stationary plan c2,t+1 = c2,t satisfies Euler condition under the prices pt+1 =
(1 + α)pt, only if 1 + α = β2.
Case 2. f ′1(L̄1 + L1,t) = wt/pt < f
′
2(L̄2 + L2,t).
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This case arises only if the cash-in-advance constraint is binding for type 2
agents. After inserting L2,t = (M2,t + τ2Mt)/wt into (P ′2), we obtain the Euler




f ′2(L̄2 + L2,t+1)U
′
2(c2,t+1) for all t.
A stationary plan with c2,t+1 = c2,t and L2,t+1 = L2,t satisfies Euler condition
under the stationary wages wt+1 = (1 + α)wt, only if wt/pt = β2f ′2(L̄2 +
L2,t)/(1 + α). Now, using
wt/pt = f ′1(L̄1 + L1,t) = β2f
′
2(L̄2 + L2,t)/(1 + α)
and L1,t = −N2L2,t/N1, we can solve for L1,t and L2,t, and calculate wt/pt. We
have L1,t < 0 and L2,t > 0, since wt/pt > f ′1(L̄1). Then, it is true that
f ′1(L̄1 + L1,t)
f ′1(L̄1)
>
f ′2(L̄2 + L2,t)
f ′2(L̄2)
.
Multiplying both sides of the above inequality by β2 and rearranging yields






It follows that SMCE exists only if 1 + α < β2f ′2(L̄2)/f
′
1(L̄). Since wt/pt <
f ′2(L̄2 + L2,t), we must also have 1 + α > β2. 
Proof of Proposition 2. We will first show that every SMCE, whenever exists,
satisfies (19)–(27) and second that Eqs. (19)–(27) give us a SMCE if (17) and (18)
hold.
Part 1. Every SMCE satisfies (19)–(27) for all t.
Let {wt, pt, Li,t, qi,t, ci,t, Mi,t+1 | i = 1, 2}∞t=0 be SMCE. By Proposition 1,
wt/pt supports SMCE only if wt/pt = β2f ′2(L̄2 +L2,t)/(1+α). Besides, for type
2 agents cash-in-advance constraints are binding if 1 + α > β2, and not binding
if 1 + α = β2. So, the labor market is always in equilibrium only if (19) and (20)
hold. Equation (21) follows from (14) in Proposition 1. Regarding (24), q1,t derives
from q1,t = (σ(1 − µ + τ2) + µ + τ1)Mt/(N1pt), and q2,t from the good market
clearing. Equation (25) restates (1) at the optimal plan. Finally, (26) and (27) follow
from (15) and (16) in Proposition 1 along with the money market clearing and the
stationarity of the money holding plans.
Part 2. The plan (19)–(27) is a SMCE if (17) and (18) hold.
We have to prove that the plan (19)–(27) is optimal and individually feasible,
satisfies aggregate feasibility (market clearing) conditions and is stationary.
(2-i) Optimality
To check that both types optimize under the proposed prices and plans of action, we
will make use of the Appendix Theorem in Basci and Saglam (2003). This theorem
would for our problem propose that if the objective functions of type 1 and type 2
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agents are concave in their arguments, then the plans in (19)–(27) are optimal pro-
vided that these plans satisfy the Euler conditions and the transversality conditions.
First note that U1(c1,t) = U1(f1(L̄1 +L1,t)−wtL1,t/pt +(M1,t +(τ1/N1)Mt −
M1,t+1)/pt) is jointly concave in M1,t and M1,t+1 since U1 is concave. For type 2
agents, c2,t = f2(L̄2 + L2,t) − wtL2,t/pt + (M2,t + (τ2/N2)Mt − M2,t+1)/pt if
1 + α = β2. In that case, U2(c2,t) is jointly concave in M2,t and M2,t+1 since U2
is concave. If 1+α > β2, c2,t = f2(L̄2 +(M2,t +(τ2/N2)Mt)/wt)−M2,t+1/pt.
In that case, the desired concavity of U2(c2,t) in M2,t and M2,t+1 is still obtained











f ′2(L̄2 + L2,t+1)U
′
2(c2,t+1)

















i (ci,0)Mi,1 = 0 for all i = 1, 2.
(2-ii) Individual feasibility
In equilibrium, condition (8) of (P ′1) holds since




σ(1 − µ + τ2)
.




≤ (1 + α)Mt
N1
− (1 − σ)(1 − µ + τ2)
Mt
N1
+ ptf1(L̄1 + L1,t),
which holds if (1 − σ)(1 − µ + τ2) ≤ (1 + α)(1 − µ). Condition (10) of (P ′1) is
obviously satisfied by the plan (26). Condition (11) of (P ′1)




holds only if (1−σ)(1−µ+τ2) ≤ (1+α), which is the case if (1−σ)(1−µ+τ2) ≤
(1 + α)(1 − µ). Condition (8) of (P ′2) holds as
−L̄2 ≤ L2,t ≤
M2,t + (τ2/N2)Mt
wt
= (1 − µ + τ2)
L2,t





If σ(1 − µ + τ2) > (1 + α)(1 − µ), then condition (9) of (P ′2) is also satisfied by
the SMCE plan since
M2,t+1 <
σ(1 − µ + τ2)
(1 + α)(1 − µ)M2,t+1 = pt
β2
1 + α
f ′2(L̄2 + L2,t)L2,t
< ptf2(L̄2 + L2,t).
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holds ifσ(1−µ+τ2) > (1+α)(1−µ). (The conditionσ(1−µ+τ2) = (1+α)(1−µ)
is not consistent with the labor market clearing when µ = 1.) The SMCE plan also
satisfies condition (11) of (P ′2) since
M2,t+1 − wt+1L2,t+1 + (τ2/N2)Mt+1 = (σ−1 − 1)wt+1L2,t+1 ≥ 0.
Finally, there exists τ2 ∈ IR satisfying
1 − σ
1 + α
(1 − µ + τ2) ≤ 1 − µ <
σ
1 + α
(1 − µ + τ2)
only if σ > 1/2 holds.
(2-iii) Aggregate feasibility
Equations (22) and (23) are consistent with the labor market clearing. The plans in
(24) clear the good market, and the plans (26) and (27) clear the money market.
(2-iv) Stationarity
One can easily verify that the plan (19)–(27) is stationary. 


























= N2[f ′2(L̄2 + L2,t) − f ′1(L̄1 − N2L2,t/N1)]
dL2,t
dα








First note that dQt/dα < 0 if 1 + α ∈ [max{β1, β2}, β2f ′2(L̄2)/f ′1(L̄1)]. More-
over, at 1 + α = max{β1, β2}, dQt/dα < 0 if β1 > β2 and dQt/dα = 0,
otherwise. 
Proof of Proposition 5. The SMCE plan solves problems of all agents under the
SMCE prices and clears all markets. Thus, (32) is clearly satisfied. Condition (31)
holds only if 1 + α = β2. But, 1 + α = β2 supports SMCE only if β1 ≤ β2.
Condition (33) and (34) hold if qi,t in (24) equals −(wt/pt)Li,t. This is the case if
1 − µ + τ2 = 1 + α = β2. 
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Başçı, E., Saglam, I. (1999) Does money matter? A deterministic model with cash in advance constraints
in factor markets. In:Alkan,A.,Aliprantis, C.D.,Yannelis, N.C. (eds.) Current Trends in Economics:
Theory and Applications. Springer, Berlin Heidelberg New York, pp. 107–118
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